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Abstract

This paper consists of an extended abstract of the Master Thesis of the author. Here,
we outline the most important concepts and ideas needed to compute the ring structure of
the ordinary RO(C2)-graded Bredon cohomology of a point with specific constant Mackey
functors, namely, with M = R, Z and Z2. Finally we sketch the proof for the Z2 case.
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1 Introduction

In [1], Bredon initiates the study of equivariant cohomology theory, extending the usual
Eilenberg-Steenrod axioms for cohomology to account for equivariance coming from an action
of a finite group G. This is achieved using the language of coefficient systems which are functors
from the category of orbits of G to the category of abelian groups.

These axioms, however, assume that the cohomology functors are graded in Z although equiv-
ariant cohomology theories are more naturally described by the free abelian group generated by
isomorphism classes of irreducible representations of G. This group is usually called RO(G) for
historical reasons even though RO(G) is actually the group of equivalence classes of formal sums
of representations. In fact, it is proven in [4] that if the coefficient system of Bredon cohomology
extends to a Mackey functor, or, in other words, is the underlying coefficient system of a Mackey
functor, then integer Bredon cohomology theory extends to an RO(G)-graded cohomology theory.

This extension comes, however, with a price. It is significantly harder to make explicit compu-
tations even for very simple spaces like a point and the literature existent on it is often incomplete.
As a result, many calculations that ought to be known are not and many standard tools from the
non-equivariant world are yet to be generalized in this setting.

We compute the ordinary RO(C2)-graded cohomology ring of a point with Mackey functor Z2

which is theorem (5.5). Its group structure is made explicit in theorem (5.1) which uses equivariant
Spanier-Whitehead duality for a point, explained in section (4). Of critical importance is the
computation of the RO(C2)-graded cohomology ring of C2. In fact, some of the ring structure of
the equivariant cohomology of a point is the same as that of C2. Explicit examples can be seen in
(5.2) and (5.3).
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Throughout this survey we consider G a finite topological group with the discrete topology,
unless otherwise mentioned. All topological spaces are compactly generated weak Hausdorff. We
are particularly interested in the case where G is the cyclic group with two elements, C2.

2 Integer-graded equivariant cohomology

In this section we introduce ordinary Z-graded Bredon cohomology. We begin with some
general definitions regarding spaces equipped with actions.

Definition 2.1. A G-space is a topological space with a (left) G-action. A G-map between G-
spaces X and Y is a map, ϕ : X → Y , that preserves the action, i.e., such that ϕ(g · x) = g · ϕ(x)
for all g ∈ G and x ∈ X. We consider G-maps to be continuous. G-spaces and G-maps form a
category, GTop, and an isomorphism between objects is a G-homeomorphism.

Example 2.2. If X is a G-space and Y is an H-space, then X × Y is a G×H-space with action
given by ((g, h), (x, y)) 7→ (gx, hy). This is called the diagonal action.

Definition 2.3. The orbit space of a G-space X, denoted X/G, consists of equivalence classes
of the form x ∼ gx where g ∈ G and x ∈ X and is topologized with the quotient topology.

We can turn any G-space X into a basepointed G-space by considering the disjoint union of X
with a point fixed by G. We call this new G-space X+. We can mimic the previous definition and
form the category GTop∗ where the objects are basepointed G-spaces and the morphisms are G-
maps between basepointed G-spaces that preserve the basepoint. The orbit space of a basepointed
G-space is defined in the same way.

From now on we will restrict attention to based G-spaces and based G-maps. We will refer to
those as G-spaces and G-maps, respectively.

Definition 2.4. Let X and Y be G-spaces. The smash product of X and Y ,

X ∧ Y = X × Y /X ∨ Y

is a G-space with action induced by the diagonal action on the product X × Y .

Example 2.5. Let X be a H-space and H a subgroup of G. Suppose H acts on G+ ∧ X
by (h, (g, x)) 7→ (gh, h−1x). The orbit space, G+ ∧H X is an induced G-space with action
(g̃, (g, x)) 7→ (g̃g, x).

Definition 2.6. A (based) G-homotopy between G-maps, f, g : X → Y is a continuous G-map,

F : X ∧ I+ → Y,

such that F (x, 0) = f(x) and F (x, 1) = g(x), for every x ∈ X. BasedG-homotopy is an equivalence
relation and we define [X,Y ]G to be the set of based G-homotopy classes of G-maps X → Y . The
homotopy category hGTop∗ consists of G-spaces and homotopy classes of G-maps.

Definition 2.7. Let n ∈ N and X a G-space. For each H < G, we define the nth equivariant
homotopy group of X, πHn (X), by

πHn (X) = [G/H+ ∧ Sn, X]
∗
G .

Definition 2.8. A G-map f : X → Y is said to be a weak G-equivalence if it induces isomor-
phisms

f∗ : πHn (X)
∼=−→ πHn (Y )

for all H < G and n ≥ 0.
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Example 2.9. Suppose R is given the sign action by the group C2, that is, the action given by
τ · x = −x, for every real number x and where τ is the generator of C2. Denote by S1,1 the
one-point compactification of R with the sign action.

The inclusion S1,1 ↪→ Z⊗S1,1 is a weak C2-equivalence, where Z⊗S1,1 is defined in section 4.
In fact, for n > 0, πHn (S1,1) is trivial if H = C2 and is πn(S1) if H = e. The equivariant homotopy
groups of Z⊗ S1,1 can be computed with the help of the equivariant Dold-Thom theorem, which
is theorem (4.2). When n = 0, there is a bijection between the corresponding sets.

As we mentioned, the first equivariant cohomology theories were set up by Bredon in [1].
These theories are defined for generalized CW-complexes, the so-called G-CW-complexes. It is
not enough to attach discs with trivial action and it turns out that attaching discs smashed with
orbit spaces of G, G/H+ ∧Dn, where Dn has trivial action, is sufficient to get analog versions of
the usual theorems on CW-complexes. See [5] for more details.

Definition 2.10. A G-CW-complex is a G-space X, together with a filtration (Xn)n∈Z such
that,

• Xn = ∅ for every n < 0;

• X = ∪nXn;

• Xn+1 is obtain from Xn by attaching equivariant n-cells via a the pushout square,

∐
j G/Hj+ ∧ S

n Xn

∐
j G/Hj+ ∧D

n+1 Xn+1,

∐
ϕj

where Hj runs over the subgroups of G.

The category consisting of G-CW-complexes and G-maps is denoted by GCW∗.

Example 2.11. We give S1,1 a C2-CW-complex structure. LetX0 = C2/C2+∧D0
∐
C2/C2+∧D0,

which is a disjoint union of two fixed cells called 0 and ∞. We obtain X1 via the pushout,

C2+ ∧ S0 X0

C2+ ∧D1 X1

ϕ

Let C2+ = {1, τ, ∗}. The attaching map is such that ϕ(1) = ϕ(τ) = 0 and ϕ(∗) =∞.

Recall that in ordinary singular cohomology, the coefficient group of the theory was defined
to be H∗(pt) or H̃∗(pt+) in the reduced case. These groups constitute the primary distinction
between different ordinary cohomology theories and its knowledge is sufficient for computing the
cohomology of any finite CW-complex since points are its building blocks.

In the equivariant case, however, the building blocks are no longer points but rather orbit
spaces of a group G, that is, the cosets G/H where H runs over the subgroups of G and G-maps
between them. Such objects and morphisms form the orbit category of G, OG. In this setting,
we substitute the notion of coefficient group by that of coefficient system. A coefficient system
should incorporate all the groups H∗(G/H), or H̃∗(G/H+) in the reduced case, as well as the
induced morphisms from OG,

H∗(G/K)→ H∗(G/H),

or
H̃∗(G/K+)→ H̃∗(G/H+),

in the reduced case. More concretely we make the following definition:
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Definition 2.12. A coefficient system is a contravariant functor M : OG → Ab.

Example 2.13. Consider the constant coefficient system A,

A : OG −→ Ab

G/H 7−→ A

(f : G/H → G/K) 7−→ id : A→ A,

for any abelian group A.

Definition 2.14. An ordinary reduced Z-graded Bredon cohomology theory on GCW∗

with coefficient system M is a sequence of contravariant functors,

H̃n(−;M) : GCW∗ → Ab, n ∈ Z,

satisfying the following generalized Eilenberg-Steenrod axioms,

1. If two maps are G-homotopic in GCW∗ then they induce the same maps in cohomology.

2. There are natural isomorphisms,

H̃n(X;M)→ H̃n+1(ΣX;M),

for every X ∈ GCW∗ and n ∈ Z.

3. For every G-map f : X → Y and A ⊂ X the sequence,

H̃n(X/A;M)→ H̃n(X;M)→ H̃n(A;M)

is exact.

4. H̃n(G/H+) = 0 for every n 6= 0 and H̃0(G/H+) = M(G/H), for all H < G.

3 RO(C2)-graded equivariant cohomology

We can see from the previous definition that the spheres Sn dictate the grading by the dimen-
sion axiom. It is unreasonable, however, to restrict attention to trivial spheres and, it is, in fact,
more natural to grade equivariant cohomology theories on group representations.

Definition 3.1. A G-representation is a group homomorphism ρ : G → O(V ), from G to the
group of orthogonal transformations in some finite-dimensional vector space V .

Let SV be the one-point compactification of the vector space V and call it the representation
sphere of V . Define the equivariant suspension functor and its right adjoint equivariant loop
functor,

ΣV : GCW∗ → GCW∗ ΩV : GCW∗ → GCW∗

X 7→ SV ∧X X 7→ F (SV , X)

where F (X,Y ) denotes the set of based maps X → Y with the G-action given by conjugation.
For the case G = C2, there are only two irreducible G-representations up to isomorphism: The

identity representation, R1,0, and the sign representation, R1,1. Irreducible representations are
those that can not be further decomposed as a direct sum of simpler, smaller dimensional proper
representations. By Maschke’s theorem, any G-representation is, up to isomorphism, a direct sum
of these two and we write V =

(
R1,0

)p ⊕ (R1,1
)q

as V = Rp+q,q. In the same way we write
SV = Sp+q,q.

There are canonical isomorphisms, SV ∧SW ∼= SV⊕W , and this suggests that it may be possible
to define a cohomology theory graded on representations. That is indeed the case but in order to
do so we need more structure on the coefficient systems. More concretely, they need to extend to
Mackey functors.
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Definition 3.2. Let G be a finite group and let G− Set denote the category of finite G-sets and
G-maps. A Mackey functor for G is a pair of functors (M∗,M∗) from G− Set to Ab satisfying
the following axioms:

1. M∗ is a contravariant functor and M∗ and is a covariant functor.

2. M∗(S) = M∗(S) for all G-sets S. For a morphism ϕ ∈ G − Set we use the notation
M∗(ϕ) = ϕ∗ and M∗(ϕ) = ϕ∗ and these are called the restriction and transfer maps
respectively.

3. For every pullback square in G− Set

U S

T V

γ

δ

α

β

it is required that α∗ ◦ β∗ = δ∗ ◦ γ∗.

4. Each component of M takes disjoint unions to direct sums.

For G = C2, the description of Mackey functors greatly simplifies as a consequence of the
simple orbit space of the group. In fact, the orbit category of G can be pictured in the diagram,

C2

τ

e
π

where τ : C2 → C2 is multiplication by the generator and π : C2 → e is the projection. These
satisfy πτ = π and τ2 = id.

A Mackey functor M over C2 consists of abelian groups M(C2) and M(e) together with the
corresponding restriction and transfer maps such that

M(e) M(C2)
π∗

π∗
M(C2) M(C2)

τ∗

τ∗

satisfy

1. Contravariant functoriality: (τ∗)2 = id and τ∗π∗ = π∗.

2. Covariant functoriality: (τ∗)
2 = id and π∗τ∗ = π∗.

3. τ∗τ
∗ = id.

4. π∗π∗ = id+ τ∗.

Example 3.3. For G = C2, the constant coefficient functor, Z, extends to a Mackey functor,

Z

id

Z
×2

id

where the top horizontal arrow is π∗ : Z(C2) → Z(e), the lower horizontal arrow is π∗ : Z(e) →
Z(C2) and the loop arrow is τ∗ : Z(C2)→ Z(C2).
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H̃α
G(X;M) H̃α+V

G (ΣVX;M)

H̃α+W
G (ΣWX;M) H̃α+W

G (ΣVX;M)

ΣW

ΣV

H̃id+f (id)

(f ∧ id)∗

H̃α
G(X;M) H̃α+V

G (ΣVX;M)

H̃α+V+W
G (ΣV+WX;M).

ΣV

ΣV +W

ΣW

Table 1: The bookkeping diagrams.

Example 3.4. More generally, such a Mackey functor exists over any finite group G and any
abelian group in place of Z with the restriction maps being the identity maps and the transfer
maps M(G/H) → M(G/K) are multiplication by the index of H in K, [K : H]. If the value of
this Mackey functor is the associated abelian group M for each orbit of G, we call it the constant
Mackey functor for G and denote it by M .

It is a theorem from Peter May, Gaunce Lewis and James MacClure that the ordinary Z-graded
Bredon cohomology extends to an ordinary RO(G)-graded Bredon cohomology if and only if M
is the underlying coefficient system of a Mackey functor, where we recall that RO(G) is thought
of as the free abelian group on isomorphism classes of irreducible representations of G.

Definition 3.5. An ordinary reduced RO(G)-graded cohomology theory consists of a
collection of functors, H̃α

G(−;M) : hGTop∗ → Ab satisfying the following axioms:

1. Weak Equivalence: if f : X → Y is weak G-equivalence then H̃α
G(f) := f∗ : H̃α

G(Y ;M)→
H̃α
G(X;M) is an isomorphism.

2. Exactness: H̃α
G(−;M) is exact on cofiber sequences.

3. Additivity: each inclusion ι : Xi →
∨
iXi of based spaces induces isomorphisms, ι∗ :

H̃α
G(
∨
Xi;M)→

∏
i H̃

α
G(Xi;M).

4. Suspension: for each α ∈ RO(G) and G-representation V , there is a natural isomorphism

ΣV : H̃α
G(X;M)→ H̃α+V

G (ΣVX;M),

covariant in V and contravariant in X, where Σ0 is the identity natural transformation.

5. Dimension: H̃n
G(G/H+;M) = 0 for every nonzero integer n and H̃0

G(G/H+;M) = M(G/H).
The restriction maps H̃0(G/K+;M)→ H̃0(G/H+;M) induced by i : G/H → G/K are the
maps i∗ induced by the Mackey functor M .

6. Bookkeeping: Let f : SV → SW be the map induced by an isomorphism of representations
V →W . Then the diagrams in table (1) commute.

Similar axioms define ordinary reduced RO(G)-graded Bredon homology, H̃G
α (−;M).

For an unbased space X we define Hα
G(X;M) to be H̃α

G(X+;M) and call it the ordinary RO(G)-
graded unreduced Bredon cohomology of X and similarly for homology. For G = C2, we write
H̃V (X;M) = H̃Rp+q,q

(X;M) = H̃p+q,q(X;M), for any G-representation V . In the same way,
since RO(G) ∼= Z⊕ Z, we write H̃α(X;M) = H̃r,s(X;M).

Define,

H̃∗,∗(X;M) =
⊕

(r,s)∈Z×Z

H̃r,s(X;M).

When M is a commutative ring, there is a cup product ^: Hr,s(−;M) × Hr′,s′(−;M) →
Hr+r′,s+s′(−;M) that endows H∗,∗(X;M) with a graded commutative ring structure. See [3].
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4 The forgetful map to singular cohomology

In this section we introduce the forgetful map to singular cohomology. This map is important
in our case because it allows us to relate the cohomology ring of a point with the cohomology ring
of C2. We also make reference to an equivariant version of the Dold-Thom theorem, proved by
dos Santos in [2] and explain how to obtain equivariant Spanier-Whitehead duality for a point..

Definition 4.1. Let M be a discrete abelian group and (X,x0) a pointed G-space. We define
M ⊗X as the set of formal sums

M ⊗X :=

{∑
i

mixi | mi ∈M, xi ∈ X

}
/ {m · x0 | m ∈M} .

This is a G-space with action given by (g,
∑
imixi) 7→

∑
imigxi.

Theorem 4.2 (dos Santos). Let X be a based G-CW-complex and let V be a finite-dimensional
G-representation. Then, there is a natural equivalence,

H̃G
V (X;M) ∼=

[
SV ,M ⊗X

]
G
.

We will call this result the equivariant Dold-Thom Theorem. Ordinary RO(C2)-graded
cohomology theories are representable and in particular we have,

Corollary 4.3. Let Rp+q,q be a C2-representation. There is a natural isomorphism,

H̃p+q,q
G (X;M) ∼=

[
X,M ⊗ Sp+q,q

]
G
.

Using the adjunction between C2+∧− : eCW∗ → GCW∗ and the forgetful functor, U : GCW∗ →
eCW∗, and the representability of singular cohomology and equivariant cohomology as in corollary
(4.3), we can prove the existence of a natural isomorphism,

H̃r,s
G (C2+ ∧X;M) ∼= H̃r

sing(X;M),

for every integers r and s, where the right hand-side group is singular cohomology with coefficients
in the abelian group M .

Therefore, we define the map

ϕ : H̃r,s(X;M)→ H̃r,s(C2+ ∧X;M),

induced by the folding map ∇ : C2+ ∧X → X, which restricts to the identity in X, and call it the
forgetful map to singular cohomology.

An immediate and important consequence is that ϕ : H̃∗,∗(X;M) → H̃∗,∗(C2+ ∧ X;M) is a
ring map.

The equivariant Dold-Thom theorem and corollary (4.3) imply equivariant Spanier-Whitehead
duality for a point which says that there are natural isomorphisms, Hr,s(pt;M) ∼= H−r,−s(pt;M).
This isomorphism is essential to obtain the group structure of H∗,∗(pt;M).

5 Cohomology ring of a point

It is our goal to compute the ring structure of H∗,∗(pt;M) for different Mackey functors. We
do so explicitly for the Z2 case. The first thing in order to do so is to find the groups Hr,s(pt;M)
for every integers r and s and constant Mackey functors. It turns out that most of the group
structure coincides with the singular cohomology or homology groups of some projective spaces.
The critical result used to obtain the following theorem is equivariant Spanier-Whitehead duality
for a point.
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Theorem 5.1. Let M be the constant Mackey functor and M2 be the 2-torsion subgroup of M .
Then, there are group isomorphisms,

1. Hp,q(pt;M) ∼= H̃p−q−1
sing (RP−q−1;M), for q < 0.

2. Hp,q(pt;M) ∼= H̃sing
q−p−1(RP q−1;M), for q > 0, q 6= p, p+ 1. The remaining cases are

Hp,p+1(pt;M) ∼= M2 and Hp,p(pt;M) ∼= M/2M,

where p ≥ 0 and p > 0, respectively.

This theorem completely determines all the group structure of H∗,∗(pt;M) for every constant
Mackey functor. We call the direct sum of Hr,s(pt;M) the positive cone of the cohomology ring
if r and s range over all non-negative integers and the negative cone is r and s range over all
negative integers.

It is critical to compute the cohomology ring of the equivariance group C2, and this is known
to be isomorphic to a polynomial ring with coefficients in M . More concretely there is a ring
isomorphism,

H∗,∗(C2;M) ∼= M
[
u, u−1

]
, (1)

where u and u−1 are generators of H0,1(C2;M) and H0,−1(C2;M), respectively.
This computation is important because it can be shown that part of the multiplicative struc-

ture of the cohomology ring of a point is exactly the same as the multiplicative structure of
the cohomology ring of C2. We do so by combining isomorphism (1) and the forgetful maps
ϕ : H̃0,n(S0,0;M)→ H̃0,n(C2+ ∧ S0,0;M).

Example 5.2. Let M = Z2. We can use the cofiber sequence C2+
∇−→ S0,0 → S1,1 to induce

the forgetful map to singular cohomology via the long exact sequence in cohomology. In fact, the
map,

ϕ : H̃0,∗(S0,0,Z2)→ H̃0,∗(C2+ ∧ S0,0,Z2), (2)

is a ring isomorphism in the positive cone.

Example 5.3. In the case M = R, the forgetful map to singular cohomology allows us to deter-
mine all of the ring structure of H∗,∗(pt;R). In fact, there is a ring isomorphism,

ϕ : H̃0,2∗(S0,0,R)→ H̃0,2∗(C2+ ∧ S0,0,R),

and, since all the remaining structure of H̃∗,∗(S0,0;R) is trivial we get the ring isomorphism,

ϕ : H̃∗,∗(S0,0,R)→ R
[
u2, u−2

]
,

where u2 and u−2 are generators of H0,2(C2;M) and H0,−2(C2;M), respectively.

The following results completely determine the ring structure of the cohomology of a point
when M = Z and M = Z2, respectively.

Theorem 5.4 (Main Theorem 1). The ring structure of H∗,∗(pt;Z) is completely determined by
the following properties:

1. It is commutative.

Let y, ρ and α generate H0,2(pt), H1,1(pt) and H0,−2(pt) respectively. Then,

2. For any generator κ ∈ Hp,q(pt), κ ^ ρ generates Hp+1,q+1(pt), unless the group is trivial.

3. Multiplication by y, y ^ − : H0,q−2(pt)→ H0,q(pt) is an isomorphism except when q = 0.

4. y ^ α = 2.
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Theorem 5.5 (Main Theorem 2). The ring structure of H∗,∗(pt;Z2) is completely determined by
the following properties:

1. It is commutative.
Let τ , ρ and θ be generators of H0,1(pt), H1,1(pt) and H0,−2 respectively. Then,

2. For any generator κ ∈ Hp,q(pt), κ ^ ρ generates Hp+1,q+1(pt), except when this group is
trivial.

3. Multiplication by τ , τ ^ : H0,q−1(pt)→ H0,q(pt) is an isomorphism except when q = 0.

4. θ2 = 0.

Sketch proof of theorem (5.5). The commutativity follows from theorem (5.1). In particular, it
follows from the fact that Hr,s(pt) is either Z2 or trivial. See more details in [3]. Multiplication by
the generator of H0,1(pt), ρ, which can be represented by the inclusions S0,0 ↪→ S1,1 → Z2 ⊗ S1,1

is completely determined by the use of the cofiber sequence S0,0 ↪→ S1,1 → C2+ ∧ S1,0, which
induces isomorphisms,

ρ∗ : H̃r,s(S1,1)→ Hr,s(S0,0),

for all r and s integers such that those groups are not trivial. This map takes the multiplicative
identity representative of H∗,∗(pt), S1,1 → Z2 ⊗ S1,1 and restricts it to the representative of ρ,
S0,0 ↪→ S1,1 → Z2 ⊗ S1,1. Since ρ∗ is a map between free H∗,∗(pt)-modules it is multiplication by
ρ.

Multiplication by τ is trickier. When q > 0 there are group isomorphisms, ϕ : H̃0,q(S0,0) →
H̃0,q(C2+ ∧ S0,0), that fit together and give a ring isomorphism in the positive cone,

ϕ : H̃0,∗(S0,0)→ H̃0,∗(C2+ ∧ S0,0),

by example (5.2). This means that the subring H0,∗(pt) is Z2 [τ ], and, hence, multiplication by τ
takes generators to generators in this range.

For q < 0, we use the fact that multiplication by τ is a map of G-spectra and we can define
a G-spectrum E to be its cofiber. The idea now is to analyze the cofiber sequences arising on
the group level. It is easy to see that the Z-graded cohomology theory E∗,0 corresponds to the
Mackey functor E0,0. By analysis of the coefficients one can conclude that Ẽn,0(X) is the degree
n reduced singular cohomology of the C2-fixed points of X with coefficient group Z2. It follows
that there is a long exact sequence,

· · · → Ẽn+1(S0,0)→ H0,−n−1(pt)→ H0,−n(pt)→ Ẽn(S0,0)→ H−1,−n−1(pt)→ · · · ,

which gives the remaining structure on τ .
Finally, suppose θ2 is the generator of H0,−4(pt). We know that multiplication by τ2 takes

generators to generators and, hence, we would have θ2 ^ τ2 = θ. However, we arrive at a
contradiction since θ ^ τ = 0.
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